Partial Differential Equations:

Basic Concepts:

An equation involving one or more partial

derivatives of an (unknown) function of two or more

independent variables is called a partial differential
equation. The order of the highest derivative is called

the order of the equation.

Tikrit University-Civil Engineering
Department Third Stage Eng.Anal.& Num.
Meth. Dr.Adnan Jayed Zedan



Just as in the case of an ordinary differential equation,
we say that a partial differential equation is linear if it is
of the first degree in the dependent variable (the
unknown function) and its partial derivatives. If each
term of such term of such an equation contains either
the dependent variable or one of its derivatives, the
equation is said to be homogeneous; otherwise it is said

to be nonhomogeneous.



Example:

Im portant linear partial differental equation
of the second order:

2 2
1) G—l,jzcza—lj One —dimensional wave Eq.
ot OX
2
(2) u =’ 8_1; One —dimensional heat Eq.
ot OX
2 2
(3) ou + ou =0 Two —dimensional Laplace Eq.
a 2 ayZ
X
o’u o

(4) +— = f(x,y) Two-dimensional Poisson Eq.

ox> oy

2 2 2
(5) ZTL; = cz(le; + g LZJ) Two —dimensional wave Eq.
o°'u o°u o< . .
(6) =0 Three=dimensional Laplace Eqg.

.
ox> oy° oz’



Here (c) is a constant; (t) is a time; x, y, z are the
Cartesian coordinates and the dimension is the
number of these coordinates in the equation.
Equation (4) [with f(x,y)#0] is nonhomogeneous,

while the other equations are homogeneous.
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MODELING:

(1)Vibration of elastic string (wave equation):

Assumptions;

*** Vibration takes place in x-y plane.

¢ No elongation.

** The string can transmit force only in the
direction of its length.

*+* Constant tension force.
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> Fx=0

T,cos(@+Af0)—T,cos6=0
6 1s too small 6 —>0
T,-T,=0

ST, =T, =T

> Fy=0

2
T,sin @ —T,sIn(6+ AB) — p As( thl) =0

o = density per length



2
T,sin @ —T,sIin(6+ Af) —pAs(—a—g/) =0

ot
singd=0 1
_ > @ 1S too small
sin(@+A0)=0+A0
T,=T,=T
2
T O-T (6’+A9):—pAS%
0’y
S TAG = p AS——=
P ot?
A0 _p oy

As T ot?



AG
—— =curvature

AS

0%y

- dv.,.2  ox?
L+ ()T
X

Y _pOy
Cox? T ot?
P _ 5
=
0%y 0%y
——2 =3°~— One-dimensional wave Eq.



2 2
8 y — a.2 ﬂ (1)
OX’ ot’

By separationthe variables:
y=XT
X = function of x
T = function of t
O _ oy
. gﬁy . Subst into Eq. (1)
=XT"
ot’ J
X"T=a*XT"




X"T=a*XT"

XII_aZTII
X T

(_kz
>2( ! =Constant >4 0
a X T ,

K

XII TII
1 —— —_k?
2 a‘xX T
2

X"+a’k’X =0 < d°X +a‘kX =0

dx?

X =, coskax+c, sin kax



L
T

d°T

dt’

T =c;coskt+c,sinkt

Syt = XT
=(c,coskax+c,sinkax)(c,coskt+c,sinkt)

T"+k’T =0 < —+k’T =0




(2) Constant=0

X T

a.2
XII
X

" =0 > X"=0—> X'=¢c, > X =CX+C,
TII
T
sy, t)=(c,x+c,)(ct+c,)

=0->T"=0>T'=c,>T=cit+c,



(3)Constant =k*

X* T,
> = :k
a X T
2
X"+a?k?X =0 < O >2( —a’k*X =0
dx
X =ce ™ +c,e
T":k2
-
2
T"+k’T =0 < d I ~kT =0

dx
T=c,e“" +c,e™
S yY(X,t) = (ce P +c

—kax

)(c.e“' +c,e™)



For the string fixed at the both ends
and subjected to the following :
Initial condition:

y(x,0) =y, sin =~
L
9
— (x,0) =0
at( )
y(Xx,t)=(c,coskax+c,sinkax)(c,coskt+c,sinkt)
yﬂsin%
o o




y(X,t)=(c,coskax+c,sinkax)(c,coskt+c,sinkt)
y(0,t)=0 & y(L,t)=0

0 =(c,cos0+c,sin0)(c,coskt+c,sinkt)
c,(c,coskt+c,sinkt)=0

Either; ¢, =0

Or; (c,coskt+c,sinkt)=0

S Y(X,t)=c,sinkax(c,coskt+c,sinkt)

Or; y(x,t)=sinkax(Acoskt+ Bsinkt)

Such that; c,*c,=A & c,*c, =B



y(x,t)=sink ax(Acoskt+ Bsinkt)
y(L,t)=0
O=sinkaL(Acoskt+ Bsinkt)

sihkaL=0 = kalL=n~x :>.°.k:n_”

a L

y(X,1)= Zsink ax(A coskt+B_sinkt)

N X

X, t sm— cos—t+B sin—t
y(X,t)= Z (A, 21 aL)



Initialconditions:

X
t=0=y(x,t) =y,sin—

. L
X nmwx
Yo sinT = Z sinT (A,, cos0 + B,, sin 0)
n;l
. TX . nmx
yosmT=ZAnsmT
n=1
L
4 2 nnxd
n=7 f(x) cos T ax
0
L
0 _ZJ - TX nnxd
n =7 | YosSin——cos——dx
0
2

Ay = ZYOL = 2Y,



oy
—(x,0)=0
8t( )

/4

— . NzX Nz :
X,t)=)> sin—— (A cos——t+ B, sin t
y(X,1) Zl 1 (A, L aL)
N ~ . NzX, Nz . Nz, Nrx Nz
—=>»siIn——(——A,sin—t+—B_cos—t
atnzzl‘ L(aLAn aL alL " aL)
At t=0; @zo
ot
—~ . NzX, N« : N
0= ) siIn — sin0+——B, cos0
le L ( aLAn alL " )
O:Zsinnﬂx(mr B) = B, =
n=1 a
- n Nz




(2)One — dim e nsionalconsolidation:

0z2 ot

U(Z, t) — ZZTt

0%u _

0z2

ou _

ot

7"T = a?ZT'

ZII TI —kz
—— =—=(Constant = 0
a’Z T

k2



——k?2
a’Z
Z+akZ:O<:>d ~+a’kZ=0
X
/ =c,coskaz+c,sinkaz
T_':_kZ
T
T'+kT =0 < 9 KT =0
dt
T =ce ™"
su(z,t)=2T

. 2
=(c,coskaz+c,sinkaz) c,e™"



u(z,t) = c,e™*(c,coskaz+c,sinkaz)
Let A=c,*c, & B=c*c

~u(z,t) = e‘kzt(Acoskaz+ Bsinkaz) general Sol.

BoundaryConditions:

u(o,t)=0

u(L,t)=0 1
Initial Condition:

u(z,0) = f(z) given




A clay layer:

u(z,0) =z(L - z)

u(z,t) =e**(Acoskaz+ Bsinkaz)
(Du(o,t) =0

0=e*"(AcosO+ Bsin0)

0=e™"A = A=0

Du(L,t) =0
0=e" Bsinkal \
B=+0 u(z,0)=z(L — z)

~.sinkaL=0 = kaL=nrx :k:n—f
a




u(z,t) = ZBsinkaze‘k2t

iB sm—z g "
u(z,0) :_z(L—z)

z(L-—2) = ZaninnTﬂz e’
n=1

z(L-2) = ZaninnTﬂz
n=1

2" . Nrz
Bhn=—|z(L—-2)sin——dz
LI ( ) L

0

H. W.



Solution of Partial Differential Equations:

Here under we consider the simple
examples, the solution of which depends
up to the meaning of partial

differentiation.
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Example (1)

Solve; ()2 =0
OX

.. 0%z
-0
(11) s

(|||) ay

Noting that z iIs a function of X & V.




Solution:
.\ OZ
()~ (@)
Here z Is a function of two independert variables
X and y.On integrating Eg. (a), we get that solutionas;

z = function independernt of x.
-.Z=¢(y) which Is arbitrary




2
z1s a function x and .
Integratirg with respectto y, we get;

=0

% =a functionindependert of y
y

= ¢(X) (..the other variable is x only)
Again integrating with respectto y, we get;

2= j¢(x)dy+a functionindependert of y
= $(x) [ dy + f (x)

L Z=¢(X)y+ f(x) whereg(x) and f (x) are
arbitraryin the solution



(|||)

8y
0z 0 0%z
OX20y ay{ax 2+=0

On Integrating with respectto y, we get;

2

% =a functionindependert of y
X

= ¢(X) (say)

0°z 0 .0z
Now: =2 o2 8x{&x} PX)




0’1 0 .01

Now; — = —{—}=@(X

OX” 8x{8x} PX)
Onintegrating with respectto x, we get;
0z

e I¢(x)dx+a functionindependert of X
X

= [#()dx+q(y)
Again integrating with respectto x, we get;
w2 =[[ p(x)dx]dx+ [ a(y) dx+ F(y)
Or:

7 = j j #(x)dxdx+ xqg(y) + F(y) which is required solution



Example (2): Solvethe partial differental equations

In the following case;

NG A

1)— =sInX

()6x2

.. o0U .

(Il)éxﬁt:e cosx giventhatu=0 whent=0

anda—u=0whenx=0
ot

2
(i11) 0z =sinx siny for Which@:—ZSinywhenx:O
OXOY
and z =0 when y is an odd multiply of %
. 02 1 .
v = lven that z=ylny and
( )My Ty g ylny

g=1+Iny when x=0

o



Solution:

°7
1)— =SsInX
()5)(2

Integrating w.r.t. x, we get;

@:jsinxdm f (y) =—cosx+ f (y)
OX

Againintegrating w.r.t. x, we get;
z:—jcosxdx+jf(y)dx+ g(y)

=—sin X+Xx f(y)+g(y)
where f(y) and g(y) are arbitrary functions



(u=0 when t=0

N
(i1) =@ COSX 40U
oxot —=0 when x=0
L ot
Integrating partially w.rt. x, we get;
ou

P — J'e‘t cosxdx+a functionindependert of (x)

=g j cosxdx+ f(t) (say)

M _ e'sinx + f(t)
ot

X=0=>—=0
ot
O=e"'sin0+ f(t) = f(t)=0

ou . .
C.— =8 SsInX
ot



ou . .
— =€ SInX
ot

Now Integrating partially w.rt.t, we get;
u(x,t) :je‘tsinxdt+a functionindependen of (t)
=sinx je‘t dt+g(x) (say)
u(x,t) =—e"'sinx+ g(x)
t=0=u=0
0=—-e’sinx+g(x) = f(x)=sinx
su(x,t)=—e'sinx+sinx=sinx(1-¢e™)




=sinxsiny  for which o =-2sIiny whenx =0

(iii)

0°1
OXoy
and z =0 when y is an odd multiply of %
Integratirg partially w.rt. x, we get;

oz . :
— =siny|sinxdx+ f(y)
5 =)

=siny(—cosx) + f(y)

x:O:g:—Zsiny

—2siny=siny(—cos0) + f (y)
—2siny=siny(-1) + f(y) = f(y)=-siny

0z : : :
S.— =-=SIny cos Xx—siny =-siny(cosx +1)



_ —(cosx+1) siny

Now Integrating partially w.rt. y, we get;
7= —(cosx+1)jsin ydy + g(x)
= (cosx+1)cosy + g(x)
z=0= y=odd *%

0=(cosx+1)(0)+g(x) = g(x)=0
-.Z=(cosx+1)cosy




0°7 1

IV = iven that z=vylIny and

()axay Yy g ylny
@:Hlny when x =0
oy

Integratirg partially w.rt. x, we get;

% _ 1L gxify)

o “X+Yy
=In(x+y)+ f(y)

x:O:@:HIny

1+Iny=In(0+y)+ f(y)
S f(y)=1+Iny-Iny=1

.'.%:In(x+ y)+1



%Zln(x-l- y)+1

Now Integrating partially w.rt. y, we get;
2= {In(x+y)dy+[1dy+g(x)
Iudv:uv—jvdu {In(x+y)=u and dy = dv)

z:|n(x+y)y_j(?lyy)dwwg(x)

X
X+Y

= yIn(x+y)—[@-—"=)dy+y+g(x)

d
Y +y+g(x)
)/

=ylIn(Xx+ y)—jldy+ xj

X



z=Yyln(x+ y)—jldy+ xj dy + Y+ 9g(X)
X+Y

=yIn(x+y)—y+xIn(x+y)+y+g(x)
=yIn(x+y)+xIn(x+Yy)+ g(x)
2 yY) =X+ y)In(x+y)+ g(x)
X=0 = z=ylny
ylny=(0+y)In(0O+y)+g(x) = g(x)=0
SZ=(X+y)In(x+y)




